Abstract: Alternative system of fundamental units: length, time, action, electrical charge is presented instead of the present one: length, time, mass and electrical current. It contains more quantities which are scalars under scalings. Then it is possible to recognize from the unit, what kind of a geometric quantity is a given physical quantity. This is the reason why the new system of units is called compatible with geometry.
Introduction
When introducing a tensor it is normally understood that it is a collection of numbers which appropriately transform under a linear change of the vector basis. Is there anything improper in this approach? Mathematically, nothing bad is in it, the point is how fertile it is. If, for example, the vector is de¯ned only as a collection of three numbers (v 1 ; v 2 ; v 3 ) with a given transformation law, the notion of direction is lost. has other coordinates, but the vector v remains the same. Another problem lies in that for instance electromagnetic¯eld F ij and metric tensor g ij both are covariant tensors of second rank, but one of them corresponds to an exterior two-form, and the other to a scalar product. One can ascribe a direction to the former but not to the latter one.
In considerations of physical problems in three dimensions, we use traditionally four types of physical quantities: scalars, pseudoscalars, vectors and pseudovectors. To de¯ne some of them, however, the scalar product is needed. For instance in the case of plane wave we de¯ne the wave vectork as a vector perpendicular to the planes of constant phase and such that the following relation between the translation vector ¢r and the increase of phase ¢' ¢' =k ¢ ¢r (1) is satis¯ed. Since we mention perpendicularity in this de¯nition ofk, the scalar product is needed for its de¯nition. In this paper, I am presenting an opinion that physical quantities exist which can be de¯ned without using any scalar product; there are also physical laws which can be formulated without scalar product.
¤ This is achieved at the price of introducing many types of directed quantities. For the three-dimensional description, antisymmetric contravariant tensors are needed of ranks from zero to three (they are known as multivectors) as well as antisymmetric covariant tensors of ranks from zero to three (called exterior forms). It makes altogether eight types of directed quantities.
y A question arises: why one should abolish the scalar product? The answer is: There are theories (e.g. general relativity) where the metric tensor, i.e. the scalar product itself, becomes a dynamical quantity, so one should decide, which version of a given quantity: covariant F ¹º or contravariant F ¹º is a primary one since they are not trivially proportional. They are canonically related via metric tensor g, but one of them, namely F ¹º , has coordinates directly given by measurements, what follows from its physical dimension. When discussing covariance of physical equations authors of textbooks predominantly restrict themselves to rotations and inversions. In such a case, the distinction between forms and vectors is not essential. After admitting scale transformations (dilatations) this becomes relevant, because coordinates of forms transform by the inverse factor to that for the vectors. In this connection new question arises: which quantities considered to be scalars for rotations and inversions (for instance mass, energy, action, electric charge) remain scalars (i.e. invariants) for the larger group of transformations? The dilatations occur for instance in the change of units.
In the present paper, I intend to show how individual physical quantities behave under scaling, i.e. under a change of the unit of length and how this behaviour is re°ected in their physical dimension. This strongly depends on the system of units. In the presently used SI system, among the mechano-electrical quantities, the units of length, time, mass and electric current are fundamental units. This choice of fundamental units does not ensure one-to-one correspondence between the type of a given directed quantity and its unit. If one, following Shouten [1] and Post [2] , chooses another set of fundamental units:
¤ The Newton law is not belonging to this class { I discuss this at the end of Section II. y They can be divided further by their behaviour under inversions (ordinary or even tensors on the one hand, and twisted or odd tensors on the other hand; pseudovectors are of the second kind) but this is not relevant for the present considerations.
length, time, action, electric charge, then in the unit of a given physical quantity, for the k-vectors the meter occurs in power k, for the l-forms in power minus l; the powers of other fundamental units are not relevant. I call this system of units compatible with geometry or shortly co-geometric.
The article is addressed to non specialists of covariance, multivectors and forms, therefore, I am listing in Section 2 the directed quantities and their relevant features what can be known from the books by Misner et al. [3] and Burke [4] , [5] . I present in Section 3 the reasoning allowing to establish the correspondence between the unit and the type of a directed physical quantity.
Directed quantities
In vast majority the physical quantities are tensors, but not each of them a direction can be ascribed to. The word \direction" should be understood in a sense more general than the direction of a vector. Vector is a contravariant tensor of¯rst rank; a dual quantity z is covector or one-form, that is a covariant tensor of¯rst rank. Let us ponder, what direction can be ascribed to the one-form known under the name of wave vector. Along with the increase of position vector, it is present in the formula for the phase di®erence of a plane wave:
Let us ponder on how this formula changes under a change of the unit of length. The quantity standing at the left hand side cannot vary because the phase di®erence between two¯xed points has the objective character { it is real dimensionless number. At the right hand side the coordinates of the translation ¢r will be multiplied by a factora nd in such a case the coordinates of k must be multiplied by the factor¸¡ 1 , for the product to be invariant. We see from this that the two quantities present at the right hand side cannot be of the same nature. Physicists noticed this long ago and introduced appropriate names: if ¢r is a vector then k is a covector. I prefer another terminology: linear form or one-form instead of covector. If the physical quantity k is not a vector, its name should not contain the word \vector", for instance \wave density" is better. I propose a new name: wavity. Thus the wavity is a linear mapping of vectors ¢r into scalars ¢', and formula (1) should be replaced rather by
It is well known that a geometric image of the vector is the directed segment. The vector has direction and magnitude as its relevant features. Direction consists of the straight line (passing through the zero point in the space), which I call after Lounesto [6] the attitude of the vector, and of the arrow on the line, which traditionally is called the orientation or sense. Two vectors with the same attitude are called parallel. For a¯xed attitude only two orientations are possible { they are called opposite. The magnitude of a vector is length, thus an appropriate unit to measure it is, for instance, meter.
The wavity is a directed quantity, so what is its direction? To answer this question, I invoke a theorem from algebra containing the so-called Sylvester formula The image of the linear form k is IR, hence dim Im (k) = 1. When dim V = n, then dim Ker (k)= n ¡ 1. In this manner the linear form distinguishes a hyperplane as its kernel. In the three-dimensional space the kernel is thus a plane. For the linear form of the wavity it is the plane of zero phase di®erence. In this way we arrived to the conclusion that the direction of the linear form must be a plane. If we know the plane of zero value of a given form, we can easily¯nd planes on which the form assumes integer values { they are parallel to the zero value plane. When we de¯ne the wavity as a linear form, we do not mention any perpendicularity, hence this de¯nition is independent on any scalar product. Fig. 1 shows how to represent geometrically a one-form as an in¯nite family of parallel and equidistant planes with the arrow between the planes. This representation allows to reconstruct easily the linear mapping given by the form: the value of the one-form on a given vector is the number of layers intersected by this vector. In this manner we arrive at the following list of features of the linear form { direction consisting of two ingredients: a) attitude is a plane, b) orientation is an arrow non parallel to the plane; magnitude is the linear density. In such a case an appropriate unit to measure linear forms is the reciprocal meter.
One may ask: why vectork perpendicular to one-form k is not su±cient for describing directional properties of the wavity? This is distinctly visible in anisotropic media, where the vectork does not show the direction of energy propagation for the plane electromagnetic wave, so its direction has no physical signi¯cance. The planes of one-form k, notwithstanding, still are the loci of points with constant phase.
For the next type of directed quantity a best physical example is the area of a°at electric circuit. We are accustomed to represent it by a vector perpendicular to the plane of the circuit, but a scalar product is needed for such a de¯nition. If we admit twodimensional attitudes we can de¯ne a (simple) bivector x by enumerating the following relevant features { direction: a) attitude is a plane, b) orientation is a curved arrow on the plane, or an arrow on the boundary of the¯gure; magnitude is the area of the latter. A geometric image of the bivector is a°at¯gure with marked two-dimensional orientation, see Fig. 2 A geometric image of a two-form is collection of parallel in¯nite prisms with equal cross sections, tightly¯lling the space. Moreover, each prism has a curved arrow enclosing its x The name`bivector' stems from the fact that it can be represented as an exterior product of two vectors, see [7, 8] .
axis, see Fig. 4 . The two-form has the following relevant features { direction: a) attitude is a straight line parallel to the axes of the prisms, b) orientation is a curved arrow around the line; its magnitude is the planar density. This image is connected with the following mapping of bivectors into numbers: the value of the two-form B on a bivector S is given by the number of prisms cut by this bivector with the sign plus when the orientations of B and S are the same, and minus when opposite, see Fig. 5 A geometric image of a three-form is a family of cells of equal volume¯lling tightly the space, see Fig. 6 . The relevant features of the three-form are: a) attitude is a point, b) orientation is the handedness of a screw; its magnitude is the spatial density. The value of a three-form on a trivector is the number of cells embraced by the solid body of the trivector, with the positive sign when orientations of both quantities are the same and minus when opposite. At least from the times of Schouten [1] it is known that antisymmetric tensors are directed quantities: the antisymmetric contravariant tensor of k-th rank is k-vector, the antisymmetric covariant tensor of k-th rank is k-form. In addition to the named even tensors the odd tensors should be introduced but the directed quantities corresponding to them di®er only in the orientation. For instance, for the odd vector (pseudovector), the attitude is a straight line, and the orientation is a ring with an arrow enclosing the line. Appropriate illustrations displaying directions for each type of directed quantities can be found in articles [7, 8] . The¯rst author showing physical quantities is such away was Schouten [1] . Then this has appeared also in other books [3, 4, 5] .
I present in Table 1 attitudes and magnitudes for multivectors and exterior forms, and in Table 2 examples of physical quantities for individual types of directed quantities in the three-dimensional space Scalars and zero-forms are in fact the same objects, and the fact that we counted energy and electric potential as 0-forms comes from that in four-dimensional formulation they become parts of space-time 1-forms. The time { oppositely { becomes a part of space-time vector.
In vast majority of physics textbooks, four types of quantities are dealt wit: scalars, pseudoscalars, vectors and pseudovectors. This is connected with that in the presence of a scalar product other directed quantities can be replaced by the named four ones.
There exist also other physical quantities, which are not the named directed quantities { they are linear operators, i.e. linear mappings between the directed quantities. For instance, the electric permittivity " is the linear operator between one-forms E and twoforms D: D = "(E). One cannot ascribe to them any speci¯c direction. Similar situation occurs with the symmetric tensors, as for example with the metric tensor.
Notice that in Table 2 the quantities: mass, momentum and force are absent. This is so because problems occur with them. For instance we are used to treat mass as a scalar.
In such a case the force, as the product of the mass and acceleration
would be a vector. But, on the other hand, the relation between the force and the in¯nitesimal change of potential energy exists:
It is visible from it that force is the linear mapping of the in¯nitesimal translation vector dr into the scalar dU , thus it may be considered to be a one-form and the previous formula would be rather written as dU = ¡ F(dr):
If we agree that the electric¯eld strength E is a one-form, the relation F = qE demands the force to be also a one-form.
If the mass is a scalar, the momentum of a particle as the product of mass and velocity is also a vector:
But the relation exists: dp dt = F;
hence when force is a one-form, then momentum also must be such. The role of momentum as a mapping of vectors into scalars is visible in the formula for the kinetic energy increase dE k = p(dv) expressed by the velocity increase dv. The momentum treated as a one-form is also considered by other authors, see e.g. [10] . Therefore, after accepting force and momentum as one-forms, the two formulas
should be treated as linear mappings of vectors into one-forms, hence the mass is a linear operator. Another argument in favor of this is the fact that in the theory of crystals, the so-called e®ective mass depends on direction. The mass is also quadratic form in the formula for the kinetic energy of a particle
2 , which can be written also as the bilinear mapping of vectors into scalars:
Hence, it is a quantity proportional to the metric tensor
which also is a bilinear mapping of vectors into scalars. A better name for this would be \scalar product tensor" The symbols f i denote here basic one-forms dual to basic orthonormal vectors e j , i.e. f i (e j ) = ± i j . Once we accept that the mass contains the metric tensor, we must agree that the Newton's law is scalar product dependent. { The
Maxwell's equations belong to physical laws which can be formulated without the scalar product, see [7] .
Units
It is worthwhile to divide the units into two classes: scalar units not containing the meter unit in any power, and extensional units which contain various powers of meter. The extensional units can be divided further: meter may be called the vector unit, square meter { the bivector unit and so on. Then by the unit of a physical quantity we recognize what type of a directed quantity it is. For instance, Cm (Coulomb-meter) is the product of the scalar unit multiplied by vector unit, hence it corresponds to a vector; indeed it is the unit of the electric dipole moment, the vector quantity. Since the magnitude of a one-form is the linear density, in the units of one-form quantities the meter should be in the power {1 and besides only scalar units should be present. Here are examples from the SI system:
Likewise, two-forms are planar densities and this¯ts to the units of the appropriate physical quantities:
Vs m 2 : It should be added that Vs = Wb, where Weber is the unit of the magnetic°ux and simultaneously of the magnetic charge, if such charges would exist.
k The density of electric charge is a three-form what is re°ected in the units:
In the case of the momentum and force their units
suggest that they are vectors, but under condition that the mass is a scalar. The unit in which the energy is expressed:
[E] = J = kg m 2 s 2 ; does not indicate at all that the energy is a scalar { when the mass is a scalar then the energy should rather be a bivector.
Since we already have some doubts whether the mass is a scalar, let us resign of assuming the unit of mass as the fundamental unit and choose rather the unit of action to this role, since it is a scalar, not only in the space but also in the space-time. A { In order to de ne the very concept of acceleration one needs linear connection (to compare velocity vectors in di¬erent points); standard choice is metric one, so we do have metric tensor. k If magnetic charge g existed, the magnetic Gauss law would assume the form H B(ds) = g.
natural unit of action is the Planck constant h, but in quantum theory, 2¼ times smaller constant, ¹ h = h=2¼, called also Dirac constant, is more often used. In my opinion, h is better candidate because in the quantum Hall e®ect, the characteristic Hall resistance is given by the formula R H = h=ne 2 where n are natural numbers [11] . I introduce notation P and the word Planck for the fundamental unit of action which can be h, or the unit Js accessible in the SI system. If we are very particular on having as much as possible scalar fundamental units, we should notice that the electric current is not a space-time scalar, hence in this sense Ampere is not a scalar unit. Thus in place of Ampere let us accept Coulomb as a fundamental unit. In this manner instead of four mechano-electric fundamental units of SI: m, s, kg, A:
It is natural to propose four other fundamental units:
from which in the three-dimensional formalism the¯rst unit is extensional, and three others are scalar ones. In the formulation of four-dimensional space-time the¯rst two units can be called the extensional units because they correspond to spatio-temporal extensions, and the last two ones the scalar units.
In the proposed unit system, the energy should be expressed in the units
from where we see that it is a spatial scalar or one-form. The units of the momentum and force are the following
which con¯rms that they are one-forms. Moreover, in such a system of units, the de Broglie relations: E = hº; p = hk connect directed quantities of the same nature. According to Dirac [9] the magnetic charge g must be quantized and, along with the quantum e of the electric charge, satisfy the relation
where n is natural number. This implies that the magnetic charge also is a space-time scalar or pseudoscalar and its unit is
When we assume¯tting to the SI system, i.e. P = Js, then we obtain [g] = Js C = Vs = Wb; so Weber is a scalar unit of the magnetic charge. Now I repeat Table 2 as Table 3 adding to each physical quantity the unit in which it should be measured. In comparison with 2 one change occurs, namely the electric current has been moved from scalars to zero-forms, since it contains second in the power -1, hence in the four-dimensional formulation it should belong to the one-forms.
The mass as the ratio of momentum to velocity has the unit
The mass as the bilinear form according to (2) has the extensional unit { meter { in the power minus two, like the metric tensor which has [G] = m ¡2 as the physical dimension.
May be the metric itself is given by the mass?. Thus, the mass could be considered as the product of some scalar ¹ and the metric tensor G:
Then the metric tensor would absorb the extensional units and the scalar ¹ would play the role of a scalar mass. Its dimension would be [¹] = Ps.
Since the set of fundamental mechano-electrical units (3) renders well the character of directed quantities, I have called it co-geometric system of units. One should add that this system is also covariant under spatial scaling, because the change of meter into centimeter or milimeter is just the scaling. Only extensional units are subject to changes under such a scaling according to the power of meter present in the unit of a given physical quantity.
One should, however, mention about quantities which have units not adjusted to their type of directed quantity. One of them is°at angle, which in a natural way is a bivector because we can indicate its direction as a plane with a curved arrow showing the sense of rotation. Unfortunately, we do not measure angles in square meters but in radians considered to be dimensionless units. This unadjustment occurs in SI system and in the co-geometric system as well.
Another such quantity is the angular momentum which also should be treated as a bivector. Its unit in SI system is kg m 2 s ¡1 , what could be good, but in the co-geometric system its unit is Planck which¯ts rather to a scalar. It seems that the discrepant character of the two named quantities stems from that, to their de¯nition, a scalar product is needed, yy which does not occur in the case of quantities mentioned in Table 3 .
Concluding remarks
We have learned about a plenty of directed quantities possible in the threedimensional space, multivectors and exterior forms, which can be easily recognized by their units. For this purpose an appropriate system of units needs to be introduced which, for the ¤ ¤ At the left hand side the symbol m printed in italic denotes the mass, in the other places m denotes the meter. y y The angle ¬ between two vectors a and b is de ned through its cosine by the formula:
mechano-electrical quantities, has units of length, time, action and charge as the fundamental ones. Among them only the unit of length is to be subjected to spatial scale transformations; the others are invariant, i.e. scalars for these changes. Such a choice is con¯rmed by other theoretical considerations, for instance, for the conformal transformations, electric charge and action are assumed [12] to be invariants because the fundamental constants: charge of the electron e and the Planck constant h are of this kind. It should be remarked that after introducing a scalar product its results must be treated as scalars, which implies that the length of a vector can not be transformed. This is tantamount to restricting ourselves to rotations and inversions i.e. to the orthogonal transformations. When the scalar product is at our disposal we can reduce the wealth of directed quantities to the well known four ones: scalars, vectors, pseudoscalars, pseudovectors, see e.g. [7, 8] .
Thus our proposal is a preparation for theoretical constructions where there is more than one canonical scalar product (for instance in anisotropic media, see [7] ) or where the scalar product, or the metric, is a dynamical quantity, like in general relativity.
The cgsES system of units is worse than SI in the context of present considerations since the electric charge has the unit g 1=2 cm 3=2 s ¡1 in it. Hence,¯rst, because of the presence of centimeter, the electric charge can not be a scalar and, second, the fractional power of centimeter can not be given any geometrical interpretation. One should mention that Schouten also considers physical dimensions in connection with geometric nature of physical quantities. He distinguishes an absolute dimension and a relative dimension, the former containing only scalar units, the latter depending on the grade of a given quantity: \in order to derive the relative dimension of a quantity from the absolute one we have to add a factor l (length) for every contravariant index, a factor l ¡1 for every covariant index" ([1], p. 128). This means for us that k-vector has meter in power k added to its absolute dimension, and l-form has meter in power ¡ l. The units displayed in Table 3 correspond to Schouten's relative dimension (comp. table on p. 134 in [1] ).
Post [2] also proposed the system based on four fundamental units of length, time, action and charge. He justi¯ed the replacement of mass by action on the grounds of additivity: the action is additive quantity, the mass is not: \Consider two masses m 1 and m 2 ; the total mass is not m 1 + m 2 , but depends instead on the interaction energy of m 1 and m 2 " ([2], p. 185).
zz
Needless to say that the de¯nition of kilogram as the fundamental unit of mass is the worst among all of them because it is based on single standard and not on a reproducible prescription. The determination of the Planck constant as a unit of action is possible with great accuracy due to the quantum Hall e®ect.
z z Post is wrong in his claim about additivity of action { it is additive only for noninteracting systems, in general there is an interaction part of the action. The rest mass, however, is nonadditive also for noninteracting systems. Table 3 Directed quantities with their units.
